An accelerometer-array calibration method is proposed in this paper by which we estimate not only the accelerometer offsets and scale factors, but also their sensitive directions and positions on a rigid body. These latter parameters are computed from the classical equations that describe the kinematics of rigid bodies, and by measuring the accelerometer-array displacements using a magnetic sensor. Unlike calibration schemes that were reported before, the one proposed here guarantees that the estimated accelerometer-array parameters are globally optimum in the least-squares sense. The calibration procedure is tested on OCTA, a rigid body equipped with six biaxial accelerometers. It is demonstrated that the new method significantly reduces the errors when computing the angular velocity of a rigid body from the accelerometer measurements.
INTRODUCTION
In 1962, Corey [1] introduced a new way to measure rigid body angular acceleration by using an array of linear accelerometers. In the same decade, Mertz [2] used an accelerometer array to study whiplash caused by rear-end car collisions. A few years later, an accelerometer array was used for the first time when Padgaonkar et al. [3] showed that it is possible to estimate the kinematics of the head of a dummy during an impact test. This may be regarded as a landmark in biomechanics.
Thereafter, accelerometer arrays have been use to replace gyroscopes in certain biomechanics applications. For example, they are used in crashworthiness to analyze head motion (see [4] [5] [6] ). More recently, Cappa et al. [7] proposed a general scheme for estimating the angular acceleration, angular velocity and translational component of 3D head movements, whereas Yoganandan et al. [8] used an accelerometer array to reveal the significance of human head properties on head-neck injury metrics. Promising results were also reported by Edwan et al. [9] , who showed that an accelerometer array can be coupled with a GPS through Kalman filtering.
This method may open new applications in navigation and motion tracking.
Despite the considerable body of literature reporting successful experiments involving accelerometer arrays, only two articles [10, 11] seem to address their calibration. These two papers present methods for the identification of the accelerometer orientation errors, but not for the identification of their relative positions on the rigid body, as is the case in this paper. The approaches proposed in both [10, 11] may be divided into two categories: static calibration and dynamic calibration. In a static calibration method, one relies on stationary poses of the rigid body and on a precise knowledge of gravity to estimate the accelerometer-array parameters. In a dynamic calibration method, one relies on an arbitrary trajectory of the rigid body, on a precise knowledge of this trajectory and on a precise knowledge of gravity to estimate the accelerometer-array parameters. In this paper, we also present static and dynamic calibration methods. Nevertheless, the methods we propose offer some advantages over those found in [10, 11] , as we discuss below.
The static calibration methods reported in [10, 11] and in this paper all seek to identify the true sensitive directions of the accelerometers in the array. One important distinction between these methods is that the sensitive direction of an accelerometer is represented in [10, 11] using a rotation matrix, whereas in this paper, we use a unit vector, without any loss of generality. Indeed, as acknowledged in [11] , rotating the accelerometer about its sensitive axis does not affect its measurements. According to this model, each accelerometer only possesses a direction instead of an orientation, and a unit vector is sufficient to represent this sensitive direction. This distinction, which was overlooked by Parsa et al. in their choice of a parameterization of the accelerometer sensitive directions, has implications in the remainder of their algorithm. Hence, unlike the calibration method proposed here, the method proposed in [11] i ð Þ requires an initial guess, ii ð Þ is iterative and iii ð Þ does not guarantee global optimality of the computed accelerometer sensitive directions. To these observations, one might add that using unit vectors instead of rotation matrices streamlines the symbolical calculations, thereby making the calibration method more comprehensible and easy to follow.
Furthermore, as in this paper, Parsa et al. propose a dynamic calibration method in [10] . However, their method is also used to compute the accelerometer sensitive directions, whereas here, we rather use the dynamic calibration step to identify the accelerometer positions. Although it appears to be quite natural, to our knowledge, no such methods have been proposed in the past for identifying the sensor positions in an accelerometer array.
Finally, we should add that only the static calibration method proposed in [11] for the identification of the accelerometer sensitive directions was experimentally validated. Here, we report experimental results for both the static and dynamic calibration methods.
Hence, we note that not many results have been published regarding the calibration of accelerometer arrays. Nevertheless, the calibration method often plays a crucial part in many biomechanics experiments, where the lack of repeatability in the data should be due mainly to differences among subjects, but not sensors. For instance, when estimating the angular velocity of the head of a dummy, the standard method consists of computing first the angular acceleration from the accelerometer signals, and then integrating it over time. Since the integration process is unstable by nature, the drift-rate of the angular-velocity estimates is severely affected by the errors in the accelerometer measurements. Consequently, in this case, proper calibration of the accelerometers permits the performance of longer duration experiments.
The calibration method proposed in this paper comprises two tests, viz., static and dynamic calibration. Unlike the procedure adopted in [10] , the method we propose does not need redundant accelerometers, but does require a displacement sensor. Besides improving the accuracy of accelerometer measurements in existing methods, this fast relatively low-cost, and robust calibration method could open up new applications for accelerometer arrays. So far, these devices have mainly been confined to biomechanics applications (e.g, [3, 7, 8] ).
In Section 2, we first present the model of an accelerometer array. Then, Section 3 explains how to obtain the scale factors, offsets, and sensitive directions of a generic accelerometer array through a quasi-static calibration. In Section 4, a dynamic calibration procedure is proposed to estimate the relative position of the accelerometers in the array. Some experimental results are presented in Section 5 to validate our calibration method. Finally, in Section 6, we compare angular-velocity estimates computed from non-calibrated and calibrated accelerometers.
ACCELEROMETER ARRAY MODEL
We wish to calibrate an accelerometer array, which is characterized by the positions and orientations of its m accelerometers in B, the moving frame attached to the rigid body. Let e i be a unit vector representing the sensitive direction of the i th accelerometer, while r i is its position with respect to an arbitrary reference point B, as shown in Fig. 1 . In turn, the position of B with respect to the origin O of the fixed frame F is given by b similarly, p i represents the position of the accelerometer P i with respect to O at any given time. We also want to find the relation between the signal output of each accelerometer and the acceleration to which it is subjected. Let us assume that the acceleration a i,j of an accelerometer i at time step j is given by the linear relation
where a i and b i are constants to be determined and v i,j is the signal, assumed to be a voltage, produced by the i th accelerometer at time step j. Unless otherwise stated, all vectors are expressed in the rigid-body frame B.
According to the rigid-body kinematics equations, the acceleration of the point P i on the rigid body can be found by double differentiating its position equation with respect to time. The position of an accelerometer is given by
Hence,
and
The i th accelerometer measures an acceleration a i,j at time j. It is written as projection of the sum of the acceleration and gravity vectors on the accelerometer sensitive direction.
where v j is the angular velocity, _ v v j is the angular acceleration and g j is the gravitational vector expressed in the moving frame B at time j. Since the gravity is constant in the fixed frame, g j may now be expressed as
where Q j is the proper orthogonal matrix that rotates the fixed frame onto the mobile one at time step j and g ½ F is the gravitational acceleration expressed in the fixed frame.
STATIC CALIBRATION 3.1. Formulation
Assume first that the trajectory chosen for the static calibration is traversed slowly, i.e., so that any point acceleration € p p i,j of the array along it is below output signal detection threshold sensitivity; certainly much smaller than g j in Eq. (5). Equating Eq. (5) to Eq. (1) yields
Equation (7) may be written for the i th accelerometer as
where n is the number of samples acquired during the calibration run. Equation (8) may be cast in matrix form as
where
is the array of unknowns. The trivial solution x i~05 of (9) is not acceptable, since e i should be a unit vector, i.e., e T i e i~1 . Moreover, in practice, measurement errors are always present, so that the null-space of V i only contains the zero vector. Hence, a more realistic formulation of the problem is
We see that problem (13) is not a standard linear least-squares problem, but rather a quadratically-constrained least-squares problem. The quadratic constraint is nonconvex, making the the solution of (13) more challenging than that of the usual least-squares problem.
Solution
We solve this problem through its first-order stationarity conditions. We define its Lagrangian as
where l i is a Lagrange multiplier. We differentiate with respect to x i and l i , which yields the stationarity conditions
This system is composed of six polynomial equations in six unknowns, x i and l i . Two of these equations are linear in the unknowns, while the remaining four are quadratic. Hence, the Bézout number of this system is 16, so that solving it in its general form is not a trivial task. We tackle the problem by first finding the directions of x i that solve Eq. (15a), and then adjusting the norms of x i so that Eq. (15b) is also satisfied. Since 
Notice that Eq. (16) is close to the form of an eigenvalue problem, but differs in that H is not the 5|5 identity matrix. In order to bring this problem to a standard form, we partition V
We now compute the determinant by means of the Schur complement [12] as
Hence, the Lagrange multiplier l i sought is one of the three eigenvalues l i,1 ,l i,2 and l i,3 of the matrix
which is easily computed using appropriate commercial software. Thence, the corresponding nullspaces of
, where S i,k is an orthogonal matrix and R i,k is an upper-triangular matrix. Equation (16) may now be written as
where we use the variable namex x i,k instead ofx x i,k because this vector has yet to be normalized to comply with Eq. (15b). The problem of solving Eq. (18) may be regarded as that of finding the vector S T i,kx x i,k lying in the nullspace of R T i,k . Now, because S i,k R i,k is rank-deficient, so is R i,k , and the last diagonal entry of the lower-triangular matrix R
whereâ a i,k is the first entry ofx x i,k , and sgn( : ) represents the signum function. Notice that the computation of x i is almost instantaneous even for large numbers of measurements n, since it merely involves forming matrix U i , inverting a two by two matrix and computing the eigenvalues of a three by three matrix.
Distinction between the Methods Proposed by Parsa et al. [10, 11] and Ours
The estimates of the accelerometer sensitive directions obtained through the proposed static calibration method are different from those that would be obtained using any of the methods reported in [10, 11] . An important difference between these latter methods and the one reported in this paper is the mathematical representation of the accelerometer sensitive directions. In all the calibration methods they propose, Parsa et al. resort to rotation matrices for this purpose. However, as its name indicates, a sensitive direction does not pertain to the three-dimensional set of rigid body orientations, but rather to the two-dimensionl set of vector directions in threedimensional space. This set is described more concisely by unit vectors (e i , i~1, . . . ,m), which is why we chose this representation in this paper, leaving only the representation of the accelerometer array orientation to rotation matrices (Q j , j~1, . . . ,n). This distinction, which may merely appear as a question of style, has implications on the formulation and solution of the optimization problem associated with the calibration method.
Indeed, because of the relative complexity of the group of rotations, Parsa et al. resort to a linearization [10, 11] . This leads to a least squares problem that locally approximates the true optimization problem. As a result, only an approximation of the optimum sensitive directions is obtained upon solving this problem. Therefore, Parsa et al. solve the least-squares problem iteratively [11] , always taking the last optimum found as the reference point for the linearization of the new least-squares problem. This approach entails three drawbacks: i ð Þ An initial sensitive direction must be supplied by the user as a reference point for the first linearization; ii ð Þ The algorithm is iterative, in that an unknown number of least-squares problems must be successively solved in order to reach a local minimum; iii ð Þ As this iterative scheme amounts to a descent method, from an optimization standpoint, there is no guarantee that this stationary point is the globally optimum sensitive direction.
In contrast, by representing sensitive directions with unit vectors, we obtain the quadratically-constrained least-squares problem of Eq. (13) . We compute the global optimum of this problem after transforming it into a standard eigenvalue problem. As a result, the ensuing calibration method i ð Þ does not require any user-supplied initial guess, ii ð Þ is direct, iii ð Þ is guaranteed to yield the globally optimum sensitive directions, in the least-squares sense.
DYNAMIC CALIBRATION
Once the scale factor a i , offset bias b i , and sensitive direction e i have been modified for each of the m accelerometers, we proceed with the dynamic calibration. This step allows one to compute the position of each accelerometer in the array.
Formulation
The input-output equation of a single accelerometer can be rewritten as
V is the cross-product matrix 1 of the angular velocity. Assume that e i , a i and b i , i~1, . . . m, were estimated in the preceding static calibration step and that € b b j and W j , j~1, . . . ,n, are computed from a sufficiently accurate displacement sensor. We are left with the problem of finding r i , i~1, . . . ,m, which minimize the measurement errors. This problem can be written as
Solution
If we move the accelerometers in order to produce a trajectory for which n&m samples are acquired from each accelerometer, we can find r i , i~1, . . . ,m, by solving the optimization problem (22). The minimum is reached wheneve
Expanding Eq. (23) for the i th accelerometer yields 
Distinction Between the Method Proposed in [10] and Ours
In [10] , another dynamic calibration method is proposed for arrays of accelerometers. However, the difference between the method proposed by Parsa et al. and the one proposed here is quite fundamental. The dynamic calibration method proposed in [10] is for attitude calibration, i.e., it is meant for the identification of the accelerometer sensitive directions. On the other hand, the method proposed here identifies the sensor positions. Hence, the two methods are not to be compared, as their scopes are completely different.
RESULTS
The static and dynamic calibrations were tested on an accelerometer array called the Octahedral Constellation of Twelve Accelerometers (OCTA), which is shown in Fig. 2 , and whose exact characteristics are reported in [13] .
A 3D guidance trakSTAR displacement sensor from Ascension Technology Corporation is also fixed to the rigid body. This piece of equipment is relatively inexpensive, as it retails at a few thousands of US dollars. This displacement sensor measures both the point displacement and the orientation of the rigid body, which it returns directly in the form of b j and Q j , here at a rate of 100 Hz.
Static Calibration Results
The static calibration was performed to estimate a i , b i and e i , i~1, . . . ,12. All accelerometer and displacement-sensor signals were acquired during five tests of 100 s each. Since the angular velocity v, the angular acceleration _ v v and the point-acceleration € b b are neglected, OCTA was slowly moved by hand to obtain small inertial acceleration relative to the gravitational ones. Because of the low cost of the accelerometers, the voltage acquired from the accelerometers is seen to be relatively noisy (see Fig. 3) . A low pass filter with a low frequency cutoff of 2:5 Hz that does not change the amplitudes of peaks of the acquired voltage was used to obtain more precise data.
The results of the five independent static calibration runs are reported in Table 1 for the first accelerometer. We observe a good repeatability across the different trials, which allowed us to detect a small misalignment of 1:97 0 from the intended sensitive direction. The scale factor and offset were found to be 0:48% and 1:63% different from the typical values of a i~3 1:4m=s 2 =V and b i~{ 78:6m=s 2 reported by the manufacturer. Figure 4 shows the linear relation between the acceleration of an accelerometer and its corresponding voltage. We obtain a clear linear trend between the acceleration and the voltage within the range +1g, with a root mean square (RMS) error of 0:02g.
In order to validate the repeatability of the static calibration, the results of test #1 for the twelve accelerometers were used to predict the accelerations in the other tests. The prediction a a i,j,k of the acceleration of the i th accelerometer at the j th time step for the k th test is given bŷ
while the reference acceleration is computed as
The error between the prediction and the reference is thus given by
The prediction and the error between the accelerations measured and the prediction of the first accelerometer of the second test are presented in Fig. (5) . In the same fashion, the RMS errors of the twelve accelerometers over each of the four witness tests were computed as Fig. 3 . Example of the noise of an accelerometer during the acquisition process.
and are presented in Table 2 . As a comparison, we also include the errors obtained by using the nominal accelerometer-array parameters, that is, the accelerometer scale factors and biases provided by the manufacturer, and perfectly aligned accelerometer sensitive directions. The final overall RMS error of the predictions is approximately 0:28m=s 2 , or about 0:03g, which appears as a reasonable degree of accuracy, considering the low price of the sensors.
Dynamic Calibration Results
The dynamic calibration of OCTA was also performed. The rigid body was shaken during the data acquisition process so as to produce inertial accelerations. We acquired 10 000 samples for each test and five tests were recorded. For each test, we need to compute a i,j ,Q j , € b b j and W j in order to solve Eq. (25) for r i . We first compute the acceleration using the constants a i , b i and e i found in the static calibration step, the output voltage of the sensors and Eq. (1). We then use the orientations measured by the displacement sensor as the reference estimates of Q j . Finally, € b b j and W j : _ V VzV 2 j are computed by time-differentiating the displacement-sensor measurements. Because the double differentiation of discrete signals is generally very sensitive to noise, this step is deemed difficult, and we refer the reader to the Appendix for more details .
Since the accelerometers on OCTA are all biaxial, we neglect the distance between two uniaxial accelerometers pertaining to the same pair, and we assume that they both have the same position vector r i . Hence, we define the position of the two accelerometers on each biaxial accelerometer as
The computed values of the positions r i of the six biaxial accelerometers are shown in Table 3 for tests one to five. Similarly to the static calibration, we validate the dynamic calibration procedure by computing the RMS error between the acceleration computed from Eq. (1) and from the right part of Eq. (20). In order to compute the acceleration from this last equation, we use the parameters a i , b i and e i found in the previous calibration step and the positions of the accelerometers according to the first test of the dynamic calibration. We then compute the RMS error for the calibrated accelerometers for the tests 2, 3, 4 and 5. We then compare them with the RMS errors obtained using the same static parameters with the nominal positions of r i given in [13] . The results of the RMS errors computed for the four tests are given in Table 4 . The positions found with the dynamic calibration are only slightly more accurate than the nominal positions. Hence, it appears that a static calibration of the accelerometer array improves its accuracy almost by a factor of five, whereas a dynamic calibration offers only marginal improvements. We should point out, however, that the accelerometers used are at the low end of the quality spectrum. The non-linearity of the inexpensive accelerometers used may have undermined the dynamic calibration.
VALIDATION
In order to validate the calibration of the accelerometer arrays, we compare the angular velocity of the rigid body computed from the accelerometer and from the displacement sensor. The CANP method from [13] is used to find the angular velocity of the rigid body from the acceleration data. We first compute the angular velocity from the accelerometer array by using the calibration parameters obtained in Section 5. We then compare it with the angular velocity computed using the same measurements along with the nominal value of a i , b i , e i and r i , i~1 . . . 12. Finally, we use the displacement sensor measurements and Eq. (34) to compute a reference angular velocity. According to the ADXL320 accelerometer datasheet [14] , we have a i~3 1:4 m s 2 V and b i~{ 78:6 m s 2 . The angular velocity of OCTA obtained for each method and the error between the reference and the new method are shown in Fig. 6 . We see that the calibrated accelerometers give better estimates of the angular velocity than the non-calibrated ones. The CANP method resorts to the centripetal component of the rigid-body acceleration field in order to estimate its angular velocity. Because two angular velocities of opposite signs yield the same acceleration field, this method is sensitive to sign changes whenever the angular velocity is close to being null. This explains the sign errors on the non-calibrated results, which appear in Fig. 6 at times 3.5 s, 7 s, 9 s, for instance. As we see, in this application, the proposed calibration method plays a critical role, and provides an average accuracy in the order of +0.25 rad/s for any given value of angular velocity. Fig. 6 . Comparison of the angular velocity around the x axis for the trakSTAR, the non-calibrated accelerometer and the calibrated accelerometer (a), and the error between the reference (trakSTAR) and the calibrated accelerometers (b).
CONCLUSIONS
A calibration method is proposed, which allows the full calibration of an m-accelerometers array in two steps: a static calibration followed by a dynamic calibration. It is demonstrated that using this method to calibrate the array yields better results for the angular velocity of a rigid body than using the nominal values of the accelerometer-array parameters. It is also shown that the calibration procedure yields good estimates of the positions and the sensitive directions of accelerometers on a rigid body. These sensitive directions are globally optimum in the least-squares sense, which was not guaranteed with the methods previously proposed in [10, 11] . The dynamic calibration step, however, seems to offer only marginal improvement over the accuracy obtained after the static calibration step. Overall, this fast and inexpensive method reduces the errors in the computation of the angular velocity and may be used to reduce the drift rate when time-integrating acceleration measurements.
The cross-product matrices of the angular velocity and angular acceleration V and _ V V may now be computed from the relationships [15] , namely,
